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Introduction

Despite enormous e�orts� the US Census missed enumerating some US residents and counted others twice or more
as part of Census ����� To evaluate the degree of net overcount�undercount� capture�recapture techniques similar
to those used in wildlife population estimation �Seber 	
��� can be employed� These techniques typically rely on
behavioral assumptions 
 namely independence of capture and recapture 
 that are untenable in human
populations� However� in human populations demographers can supply alternative sources of population data that
allow Census evaluation to be made under less restrictive assumptions �Wolter 	

�� Bell 	

�� Bell et al� 	

���
Incorporating demographic analysis �DA� data into Census evaluation poses numerous di�culties� DA data relies
in part on immigration and emigration estimates and consequently is available at only the national level� but
evaluation is desired at a variety of small�area and subpopulation estimates� A variety of assumptions can be made
that yield di�erent estimates of undercount at subpopulation level� yet are di�cult to distinguish empirically�
additionally� previous techniques have yielded unstable subpopulation estimates� and do not incorporate
uncertainty in demographic analysis data� Thus we develop a Bayesian hierarchical model that incorporates
capture�recapture and demographic data to estimate Census over�undercount at subnational levels� shrinks
outlying estimates of Census overcount�undercount� avoids spurious �negative cell counts� in overcount�undercount
estimation� uses regression techniques to estimate common main e�ects of subnational covariates� and allows
incorporation of uncertainty in demographic analysis data� This approach provides inference about
overcount�undercount estimates that incorporates a wide range of contributions of uncertainty� and allows us to
consider model averaging across a set of plausible behavioral models�

Background� Capture�Recapture Methods in the ���� Census

Undercount estimation begins with a follow�up coverage measurement survey� in ���� termed the Accuracy and
Coverage Evaluation or A�C�E� Survey� The A�C�E� began by drawing a probability sample of Census clusters and
conducting a detailed independent enumeration of households within in them immediately after the actual Census�
Partial � � � tables are then formed� based on a probability match between the individuals in the Census for whom
matching information is available �the �P�sample�� and the persons in the A�C�E� clusters �the �E�sample���
strati�ed by gender� age� race�ethnicity� region of residence� urbanicity of residence� tenure �owner�renter status��
and whether the subject resided in a �low return� block �see Table 	� �US Bureau of the Census ������

The natural estimate of the In�Census Out�A�C�E� cell in Table 	 is ��S
k�� � zSk�� � ySk��� This result is often

negative� in addition� further assumptions are needed to estimate the Out�Census Out�A�C�E� cell� The most
straightforward is to assume that 	� the events of capture and recapture are independent and �� either the capture

or the recapture probabilities are equal across individuals� then ��S
k�� �

��S
k��

��S
k���

��S
k��� and

��S
k��

I � ��S
k�� �

��S
k�� �

��S
k�� �

��S
k�� � zSk��y

S
k���y

S
k��� The Census Bureau attempts to ensure 	� through independent

enumeration of households and residents during the A�C�E�� strati�cation into the k poststrata �Sekar and Deming
	
�
� helps to ensure ��� reducing the e�ect of �correlation bias� or �heterogeneity bias� This is the standard
undercount adjustment made by the Census and is referred to as �dual system estimation� �DSE��

Incorporating Data from Demographic Analysis
The plausibility of the assumption of zero correlation bias within post�strata can be assessed by comparing the sex
ratios in subpopulations obtained under the DSE model with estimates from demographic analysis �DA�� The
evidence for the ���� Census is that correlation bias exists in at least some subgroups� for example� in the ����
Census� the DA estimate of the sex ratio among the non�institutionalized African�American population ����
 was
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Table 	� Observed data and associated underlying population parameters from Census and Accuracy and Coverage
Evaluation �A�C�E�� Survey� ySk�� and y

S
k�� are estimated counts of individuals in and out of the Census on the basis

of the A�C�E� interviewing and follow�up �estimated from the P�sample�� zSk�� is the Census count� minus imputations
and an estimate of erroneous enumerations �estimated from the E�sample�� �S

kij is the population that would reside
in the ijth cell in the kth poststratum for gender S if the A�C�E� had been a complete census�

Observed Data Underlying Parameters
A�C�E� A�C�E�
In Out In Out

Census In ySk�� zSk�� �S
k�� �S

k�� �S
k��

Out ySk�� �S
k�� �S

k�� �S
k��

ySk�� �S
k�� �S

k�� �k��

���
� compared with the unadjusted Census sex ratio estimate of ���� and the the DSE�adjusted estimate of �����
To correct for this apparent undercount of men relative to women� Wolter �	

�� suggested attributing the low
observed male�female ratio to an undercount of males� Speci�cally� he assumed that the ratio of the odds of
enumeration in the Census for those included in the follow�up survey to the odds of enumeration in the Census for
those not in the follow�up was 	 for all females and an unknown parameter �M � ����� for all males� Under this

model� the total population ��DA
��� is estimated by �	 � �� ��F

���� where � the overall male�female ratio �assumed known

from DA� and ��F
��� is estimated under the independence model� Bell �	

�� extended this idea to the strati�ed case

by assuming that

FOR� �Mk �
�M
k����

M
k��

�M
k����

M
k��

� �M and �Fk � �F � 	 for all k� �	�

We term this the �xed odds ratio �FOR� model� Under �	�� Bell estimates the total population size within each

poststratum by ���
k�� �

��I
k�� � �

�� � 	� ��I
k�� �

��I
k�� � �

��DA
��� � ��I

�����
��I
k���

��I
����� Wolter and Bell�s approach can be

applied to alternative models of behavior� We consider two others� the �xed relative�risk �FRR� model �Bell 	

��
assumes a constant relative risk for enumeration in the Census and A�C�E� for males and independence for females�

FRR� �Mk �
�M
k����

M
k��

�M
k����

M
k��

� �M and �Fk � 	 for all k� ���

while the �two group� �TG� model �US Bureau of the Census 	


� assumes a constant proportion in the Census
among those captured in the A�C�E� relative to the proportion in the Census among the entire population�

TG� �Mk �
�M
k����

M
k��

�M
k����

M
k��

� �M and �Fk � 	 for all k� ���

Under the FRR and TG models� the total population ��DA
��� is estimated under the same demographic constraints as

the FOR model� The total population size within each poststratum is then given by
���
k�� �

��I
k�� � �

��DA
��� � ��I

������
��k�� � ��I

k������
����� � ��I

����� under the FRR model and
���
k�� �

��DA
���

��I
���

��I
k�� under the TG

model� Thus the TG model has the property that the discrepancy between the DA estimate and the independence
estimate is allocated to the poststrata in proportion to the independence estimate�

Since � is estimated using demographic analysis within an age�race group� the models are applied separately to
each of the six age�race domains� 	���
� ������ and �� or older� by African�American versus non�African�American�

Bayesian Models for Census Evaluation

Because the cell counts are sums� we model the data from the kth postratum as �ySk�� y
S
k�� z

S
k���

T �
N�

�
��S

k�� �
S
k�� �

S
k���

T ��k

�
� The covariance �k is estimated via a jackknife procedure and is treated as known�

Assuming the �xed odds ratio �FOR� model given by �	�� we reparameterized the eight population counts in
poststratum k� �k � f�

S
kij � i � �� 	� j � �� 	�S �M�Fg� as ��k � ��k��� �k� 	

M
k � 	Fk � 


M
k � 
Fk � �

M
k � �Fk � where�
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Figure 	� DSE estimates and posterior mean estimates of under�overcount in ��� poststrata under the FOR� FRR�
and TG models� FOR vs� DSE� FRR� and TG� FRR vs� TG� separately for males and females�

	� �k��� the total population count in poststratum k� with prior N� ��I
k��� �

��I
k���

��� a nearly �at prior corresponding
to our lack of knowledge about the total population counts in each poststratum�

�� ��M
k������

F
k��� � �k� the sex ratio ��

M
k�� � �F

k�� � �k���� with prior N��� 	� subject to the constraint thatP
k wk�k � � where wk � ��k�����

P
k �k��� and � is the DA�estimated nationwide sex ratio�

�� 	Sk �  
��
�
�S
k����

S
k��

�
� where �S

k����
S
k�� is the proportion of the total population captured in the adjusted

Census counts� and 	Sk � N�xSk�
S
� � ��

��S� �� with �S� � N��� diag 	���� and ��� � INV �GAMMA���	� ��	��

�� 
Sk �  
��
�
�S
k����

S
k��

�
� where �S

k����
S
k�� is the proportion of the Census cases enumerated in the A�C�E�

��match total��� and 
Sk � N�xSk�
S
� � ��

��S��� with �
S
� � N��� diag 	���� and ��� � INV �GAMMA���	� ��	��

and

��
�S
k��

��S
k��

�S
k��

��S
k��

� �Sk � the odds among sex S of being included in the A�C�E� among Census respondents relative to

to odds of being included in the A�C�E� among Census non�respondents� we assume
�Mk � �M � GAMMA�
� �� for all k� �Fk � 	 for all k� where 
 and � to maximize the correlation bias prior
variance under the constraint that that 
�! of the prior distribution lies within 	�� and 		���

The probit regression models include an intercept and dummy variables for owner versus renter and high versus low
return�rate households in the African�American age�race domains� and an intercept and dummy variables for
ownership� return rate� and ethnicity in the the non�African�American age�race domains�

The �xed relative risk �FRR� model ��� replaces �Sk with �
S
k �

�S
k��

��S
k��

�S
k��

��S
k��

� the proportion in the A�C�E� among

Census respondents relative to the proportion in the A�C�E� among Census non�respondents for sex S� the two

group �TG� model ��� replaces �Sk with �
S
k �

�S
k��

��S
k��

�S
k��

��S
k��

� the proportion in the Census among A�C�E� respondents

relative to the proportion in the Census among the entire population�

We used Gibbs sampling to draw estimates of the population parameters from their joint posterior distribution� To
determine that convergence of the Gibbs sampler had been achieved� �ve chains of 	��� draws with di�erent
startpoints were run� and the between� and within�sequence posterior variances and for each �scalar� parameter was
calculated after dropping the �rst 	�� draws as �burn�in��
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Bayes Factor
Domain FRR vs� TG FRR vs� FOR
African�American 	���
 	��� ���
African�American ����
 ���� �����	���

African�American ��� ���
 ����
Non�African�American 	���
 �����	��� "���
Non�African�American ����
 �����	�� 	���
Non�African�American ��� �����	��� 	�	�	��

Table �� Bayes factors �posterior odds that the model is correct� comparing �xed relative risk model �FRR�� two
group model �TG�� and �xed odds ratio model �FOR� within each age�sex domain�

Results

Total population estimates
Figure 	 plots the posterior means of the undercount estimates under the FOR model against a� the DSE
undercount estimates� b� the posterior means of the undercount estimates under the FRR model� c� the posterior
means of the undercount estimates under the TG model� and d� the undercount estimates under the FRR model
against the undercount estimates under the TG model� Examining these plots� together with the speci�c poststrata
associated with each point� indicates that undercount tends to be greatest among young and middle�aged male
minorities living in rental housing units� Here the FOR� FRR and TG models are estimating positive correlation
bias� resulting in a higher estimated undercount than that under the DSE model� The female estimates of
undercount are of course more similar under the four models due to the common assumption of independence�
although three poorly�estimated poststrata �female ���� Native American and Hispanic in rental households� male
	���
 Native American in owner�occupied households� with high DSE undercount estimates are pulled toward �� A
greater degree of undercount is suggested under the FOR than the FRR or TG models in minority strata� The
FRR and TG models tend to give more similar estimates�

E�ect of Poststratum Characteristics on Undercount
Examining the probit regression parameters� it appears that older persons� Caucasians� males� and those in in
owner�occupied dwelling units tended to have higher capture and recapture rates� Also� recapture rates tended to
be higher than capture rates for a given set poststratum predictors� Interestingly� high postal return rates were
associated with only slight increases in capture and recapture rates after adjusting for race�ethnicity� sex� and
ownership status�

Model Checking�Model Selection Results
Posterior Predictive Distributions� We obtain the posterior predictive distribution of the �K cell counts in
each age�race domain by using the Gibbs sampling draws as ��repk � backtransforming to �rep

k � and then generating
�
�ySk���

pred �ySk����
pred �zSk����

pred
�T
� By comparing �zSk���

obs � �ySk���
obs with �zSk���

rep � �ySk���
rep� we can determine

whether some of the negative In�Census�Out�A�C�E� cells may be due to systematic di�erences in the Census and
A�C�E� methods of enumeration� rather than simply sampling variability� We found that 
 of the ��� poststrata
have PPD p�values of �	 or less under one or more of the models� Four of these poststrata are Caucasian �
��
 and
�� and older in owner�occupied dwellings units in small and non�MSA region in the Northeast with low return rates
�PS �	���	"�� since all the age�sex categories share the same set of geographic blocks� there is some evidence to
suggest that overestimation of the number of matches from the A�C�E� or overestimation of the rate of erroneous
enumerations from the Census may be present in these blocks�

Model Selection� Following the method of Chib �	

��� we determine the Bayes factors comparing the FOR�
FRR� and TG models within each of the six age�race domains �see Table ��� The FOR model is strongly favored
among African�Americans ����
 and ���� The FRR model is strongly favored among non�African�Americans ���
and moderately favored among non�African�Americans 	���
� The FOR and FRR models have approximate parity
among African�American 	���
 and non�African�Americans ����
� In none of the six age�race domains does the TG
model have substantial posterior probability�

Model Averaging� Tables � and � give the DSE estimates and approximate 
�! con�dence intervals of
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Male DSE FOR FRR TG Ave�

African
American ��
�� ������������ �������������	� ��������
������ ��������������� ��������
������
African
American ��
�� ������������ ��������������� ��������������� ��������������� ���������������
African
American ��� �����������
� ������	�
��� ��������
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Table �� Percent undercount estimates by age� race� and gender in ���� Census� DSE estimate� FOR� FRR� and TG
posterior means and posterior mean of average of FOR� FRR� and TG models� 
�! credible interval in parentheses�
Negative values indicate Census overcount�

undercount�overcount� together with the posterior mean and 
�! posterior predictive estimates under the FOR�
FRR� and TG models� for the nationwide age�race�ethnicity�gender groupings� The estimates of undercount among
African�Americans are similar for the three models� The TG model tended to give smaller estimates of undercount
�larger estimates of overcount� among Caucasians 	���
 and Asians� Hispanics� and Native Americans� the FOR
model tended to give larger estimates of undercount �smaller estimates of overcount� among Asians� Hispanics� and
Native Americans males of all ages� The last column of Tables � and � give the posterior means and 
�! posterior
predictive intervals of the overcount�undercount from the combination of the three models� obtained by averaging
the posterior distribution of the poststrata total under a given model by the posterior probability of the Djth
model being correct� assuming that all three models are equally probable a priori�

Discussion

Our Bayesian approach to incorporating information from the follow�up Accuracy and Coverage Evaluation survey
and demographic analysis addresses the problem of �negative cell counts� in In�Census Out�ACE cells and provides
inference about population total estimates that account for all modeled sources of uncertainty� By supplying proper
priors and assuming exchangeability� the proposed model shrinks outlying estimates of Census undercount toward
overall means�

There does not appear to be strong evidence of bias in match rate or erroneous enumeration estimates that would
lead to excessive estimates of negative cell counts� An exception is the Caucasian� owner�occupied� small and
non�MSA region with low return rates� where large negative cells appear to be due to factors other than sampling
variability� Review of these blocks that make up this poststratum may be warranted�

It appears that� of the three models considered� the two group model never �ts as well as the �xed odds ratio and
�xed relative risk models� The two group model allocates the DA�estimated undercount in proportion to the DSE
population estimates� an unattractive feature since failure of the independence assumption underlying the DSE is
what induces the correlation bias and consequently the undercount� The FRR model tends to �t best when
correlation bias is low to moderate �as in the non�African�American domains�� while the FOR model tends to �t
best when correlation bias is high �as in the African�American domains�� While this is in part in�uenced by our
formulation of the priors� it is also consistent with the FRR model tending to give undercount estimates that are
intermediate between the larger undercount estimates of �xed odds ratio model and the small undercount estimates
of the two group model�

Finally� an issue speci�c to the ���� Census is that a relatively large number of duplicate address may have
appeared in the Master Address File �MAF� when local governments were allowed to review their portion of the
MAF and add addresses that they believed were missing� An evaluation by Fay ������ indicated that as much as
	�	! of the E�sample may consist of un�agged erroneous enumerations �Fay ������ Both the Bayesian or
non�Bayesian methods discussed here will su�er from upward bias in estimating undercount �or downward bias in
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Table �� Percent undercount estimates by age� race� and gender in ���� Census� DSE estimate� FOR� FRR� and TG
posterior means and posterior mean of average of FOR� FRR� and TG models� 
�! credible interval in parentheses�
Negative values indicate Census overcount�

estimating overcount� if undetected duplicates remain� since they will be treated as matched cases and left in the
adjusted Census totals� However� because Bayesian estimates borrow strength from other poststrata� they may
protect against a undetected duplicates in outlying poststrata being �multiplied�� thus generating unduly large
estimates of undercount�

References

Bell� W�R� �	

��� �Using Information from Demographic Analysis in Post�Enumeration Survey Estimation��
Journal of the American Statistical Association� ��� 		���			��

Bell� W�� Gibson� C�� Das Gupta� P�� Spenser� G�� Robinson� G�� Mulry� M�� Vacca� A�� Far� R�� and Leggieri� C�
�	

��� �Report of the Working Group on the Use of Demographic Analysis in Census ������ Bureau of the
Census� U�S� Department of Commerce�

Chib� S� �	

��� Marginal likelihood from the Gibbs output� Journal of the American Statistical Association� 
��
	�	��	��	�

Elliott� M�R�� and Little� R�J�A� ������� �A Bayesian Approach to Combining Information from a Census� a
Coverage Measurement Survey and Demographic Analysis�� Journal of the American Statistical Association� 
��
��	�����

Fay� R�E� ������� �Evidence of Additional Erroneous Enumerations from the Person Duplication Study�� Executive
Steering Committee for A�C�E� Policy II� Report No� 
 �revised�� Washington� D�C�� U�S� Bureau of the Census�
U�S� Department of Commerce� At http���www�census�gov�dmd�www�pdf�report
revised�pdf�

Seber� G�A�F� �	
���� The Estimation of Animal Abundance and Related Parameters� New York�Macmillan�

Sekar� C�C�� and Deming� W�E� �	
�
�� �On a Method of Estimating Birth and Death Rates and the Extent of
Registration�� Journal of the American Statistical Association� ��� 	�	�		��

US Bureau of the Census �	


�� �DSSD Census ���� Procedures and Operations Memorandium Series #Q	��
Appendix A�� Washington� D�C�� U�S� Department of Commerce�

$ ������� �Census ����� A�C�E� Methodology�� Washington� D�C�� U�S� Department of Commerce� At
http���www�census�gov�dmd�www�DetailSpec�htm�

Wolter� K�M� �	

��� �Capture�Recapture Estimation in the Presence of a Known Sex Ratio�� Biometrics� ���
	�"�	���

Page 49


