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I. Introduction 

Benhabib, Schmitt-Grohe, and Uribe are to be commended for writing a clear and 

thoughtful paper. Most researchers simply look at local analysis when analyzing different 

monetary policy rules. The present authors, however, have consistently worried about the 

global properties of different interest rate rules. In this paper they argue that if you relied 

solely on local analysis you would be led to believe that aggressive, backward-looking 

interest rate rules are sufficient for determinacy. But from the perspective of global 

analysis, backward-looking rules do not guarantee uniqueness of equilibrium and indeed 

may lead to cyclic and even chaotic equilibria. 

 This comment argues that this result is premature.  We utilize a discrete time 

model and make two observations.  First, compared to the corresponding continuous time 

model, the cyclic equilibria under a backward-looking rule are much less likely to arise in 

a discrete time model.  Second, pure backward-looking rules are less likely to suffer from 

these global indeterminacy problems than rules that also include current or future 

inflation. By “pure” we mean rules where only lagged inflation rates are in the interest-

rate rule.  This distinction between lagged and current or future inflation does not arise in 

the continuous time model of Benhabib et al.  An interesting observation is that the 

discrete time interest rate rule that most closely mirrors the results of Benhabib et al is the 

rule that includes expected inflation.   

We also show that these cycles arise because Benhabib et al. adopt a money in the 

production function (MIPF) framework.  As shown by Feenstra (1986) in a flexible price 

environment, this is equivalent to a money in the utility function (MIUF) framework with 

a negative cross partial between consumption and real money balances (Umc < 0).  The 
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existence of cycles arises because the cross partial is significantly negative (Umc << 0). 

With discrete time a rule that does not include expected inflation has to be even more 

negative than it does for continuous time. It would be interesting to see whether the MIPF 

framework adopted by Benhabib et al. can generate cycles in discrete time for either the 

current or backward-looking rules. Similarly since other motives for holding money may 

lead to a positive cross partial between consumption and real money balances (Umc > 0), 

cycles may not even emerge in continuous time if other motives for holding money were 

included in the model. 

 

II. A Discrete Time Model 

 Assume that preferences are separable in the consumption-money composite and 

in labor (L): 
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and that production is linear in labor .  We follow Yun (1996) and utilize the 

assumption of staggered pricing in Calvo (1983).  Specifically marginal cost (z) evolves 

according to the following log-linearized “Phillips curve” 

Ly =

1
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++= ttt zK πβπ ,         

where πt = (Pt/Pt-1), denotes the inflation rate, the tildes denote log deviations, and Κ is a 

measure of price stickiness (K →∞ represents perfectly flexible prices).  Along with this 

Phillips curve, the equilibrium conditions are given by  
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Finally to close the model we adopt either a current-looking, backward-looking, or a 

forward-looking rule: 

 ittt R
b
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where b > 1 and i = 0 for current-looking, i = -1 for backward-looking, and i = 1 for 

forward-looking interest rate rules.  Letting 
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Notice that if i = ∆ or i = -∆ and ∆→0 all three rules converge to the same continuous 

time rule. Both the current rule and the backward rule are in the spirit of Benhabib et al. 

The forward case is included for completeness sake.  As noted above, the results for the 

forward rule most closely mirror the results of Benhabib et al. 

With all three rules the central bank is reacting to a weighted average of all past 

inflation rates. With the current rule this weighted average also includes the current 

inflation rate while with the forward rule it includes both the current and next period’s 

(expected) inflation rate. The key difference between the rules is whether current or 

future inflation is part of the rule. In the case of the backward rule it is not, so the 

nominal interest rate is predetermined.  In the case of the current and future rules, the 
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nominal interest rate is not predetermined.  

 

III. Current-looking Interest-Rate Rules 

We first analyze the model if the policy rule is current-looking.  Log linearizing 

the equilibrium conditions for the current looking rule we have 
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The characteristic equation for the above system is 
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 We are interested in situations in which the system is locally determinate, but is 

globally indeterminate because of a supercritical Hopf bifurcation. In this note we will 

not consider the issue of supercriticality, but leave this for future work. For present 

purposes we simply assume that any bifurcation is supercritical. We use the terminology 
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“Locally Determinate, Globally Indeterminate” (LDGI) for situations in which we have 

local determinacy, but a Hopf bifurcation exists.  Following Benhabib et. al. we ask 

whether there exists a LDGI equilibrium as we vary b. Even when there cannot exist a 

LDGI with respect to b our analysis does not completely rule out the possibility of cycles 

that may emerge from varying other deep structural parameters such as β and γ.   

   The above system is locally determinate if two of the eigenvalues lie outside the 

unit circle while two lie inside the unit circle.  By inspection, one root of J is zero, so that 

we are left with the following cubic: 
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With discrete time a LDGI exists when one root of J is inside the unit circle and the other 

two are complex conjugates with a norm equal to one.  We will henceforth make use of 

the following assumptions: 

 

Assumptions A1: A44  > 0 and J(-1) < 0. 

 

Note the assumption that A44  > 0 is the analogue of Benhabib et al.’s A21  > 0.  The 

assumption that J(-1) < 0 is extremely weak and is equivalent to 

 
( ) 0)1(2)1(22)1()1(2 44343444 >−+−++++++ AAAAb θθβθθβ .   

 

Lemma 1: Suppose that assumptions A1 are satisfied.  If 1>θ , then one or three real 

roots of J lie in the unit circle.  Thus, under A1, a necessary condition for determinacy is 

1>θ . 
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Proof:   The above implies 

( ) 0)1)(1()1( 44 >
−−

=
b

bAJ
β

θ . 

Since by assumption J(-1) < 0, there are an odd number of real roots in (-1,1).  QED 

 

We follow Benhabib et al. and consider variations in the coefficient on the 

weighted average of current and past inflations.  The necessary condition for determinacy 

if we varied the coefficient on current inflation, τ, in the current-looking Taylor rule is  

τ + 1/b > 1. 

 

Corollary 1: If J(-1) > 0 and 1>θ  then the system is either over-determined or under-

determined so that there cannot exist a LDGI.  

 

Lemma 2: Under the assumptions A1, 0)1( =
βb

J and b > 1/β is a necessary and 

sufficient condition for a LDGI with respect to b. 

Proof: 

Recall that the product of the three roots of J is equal to 1/bβ.  This immediately 

establishes the necessity of this condition.  As for sufficiency, suppose that 0)1( =
βb

J .  

The other two roots have a norm of unity.  If they are real, one must be within the unit 

circle and one must be outside the unit circle.  But from Lemma 1, there cannot be an 

even number of roots in the unit circle.  Hence, the remaining two roots must be complex.  

QED 
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Proposition 1: Assume A1 and θ > 1. A necessary and sufficient condition for a LDGI 

with respect to b is 0))(1( 4434 <++− AAθβ .   

Proof:  From Lemma 2, we need to analyze J(1/bβ).  

=≡ )()/1( 33 bjbbJ ββ  

3434443444
22
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A bifurcation exists if j(b) = 0 for some b > 1/β.  Note that 

( ) 0)1)(1()/1( 44 >
−−

=
b

Aj
β

θββ . 

Suppose that 0))(1( 4434 <++− AAθβ .  Then as b goes to infinity, j becomes negative.  

Hence, there exists a b such that j(b) = 0.  Suppose instead that 0))(1( 4434 >++− AAθβ . 

Since j is convex and j′(1/β) > 0, there does not exist a b > 1/β such that j(b) = 0. 

QED. 

 

Corollary 2: A necessary condition for a LDGI with respect to b is that  

 0)(14434 <





 −
+=+

D
UUKAA mmmcγ . 

Thus a further necessary condition is 0<< mmmc UU .   

   

IV. Backward-looking Interest-Rate Rules 

 We next show that a LDGI is less likely if the policy rule looks purely backward.  

Log linearizing the equilibrium conditions for the backward-looking rule yields 
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where A34  and A44 are as defined earlier.  Once again one eigenvalue of the system is 

zero so that we are left with the following cubic: 
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As before, we will utilize assumptions A1: A44 > 0 and H(-1) < 0.  Note that H(-1) =  

J(-1).  Since H(-1) < 0, H(1) > 0 is necessary for determinacy (as this implies an odd 

number of roots in the unit circle). Therefore a necessary condition for determinacy is 

H(1) > 0. Since 

b
bAH
β

θ )1)(1()1( 44 −−
=  

and b > 1 we conclude that θ > 1 (or τ + 1/b > 1) is necessary for local determinacy.   

 

Proposition 2: If θ > 1 then there exists a LDGI with respect to b if and only if there 

exists an a in (-1,1) and a b > 1, such that the following conditions are satisfied: 

( ) 0)1)(1()1(2)1(1))(21)(1(),( 443444 =−−+−+−+−+−−≡ baAbAAabbaf βθθ  

( ) 0)1(2)1()1()(),( 444434 =−++−−++≡ abbAbAAbag ββθ  

( )( ) ( 44344434 1 AAAAb ++>++ )θθβ  
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This implies that a necessary condition for a LDGI with respect to b is that 

0)1()( 3444 <−++ βAA . 

Proof: 

We can construct the following polynomial that has real root r and complex roots on the 

unit circle with a real part equal to a: 

0)21()2()( 23 =−+++−= rqraqraqqh . 

Comparing h and H, there exists a LDGI if and only if there exists an a in the unit circle 

and a b > 1 such that the quadratic and linear coefficients coincide.  This provides two 

linear restrictions: 

( ) 0)1)(1()1(2)1(1))(21)(1(),( 443444 =−−+−+−+−+−−≡ baAbAAabbaf βθθ  

( ) 0)1(2)1()1()(),( 444434 =−++−−++≡ abbAbAAbag ββθ . 

Since b > 1 g(a,b) = 0 can only be satisfied if ( 0)1()3444 <−++ βAA .  For it to be an 

LDGI the real root of H must be in the unit circle. As in Proposition 1, the real root must 

be the negative of the constant term in H:  

( ) 1)1(10 4434 <
−+−

<
b

bAA
β

θ . 

Given that  the lower bound is always satisfied. The upper bound is 

equivalent to the last condition in the proposition. 

0)( 3444 <+≡ AAS

QED 

 

Under the case of β = 1, we can prove a stronger result: 

Corollary 3: Assume β = 1.  There exists an LDGI with respect to b if and only if 
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S
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where .  Hence, for any S, a sufficiently large θ eliminates the LDGI 

with respect to b. 

0)( 3444 <+≡ AAS

Proof: 

With β = 1, we can sum f(a,b) = 0 and g(a,b) = 0 and find 

0)}1()1)(1(2){1( 44 =−++−− θθ ASab . 

Since b > 1, we can use this to solve for (1-a) and substitute this back into g(a,b) which 

will now be a function only of b: 

0)1(})1({)( 4444
2 =+−+++≡ SSAASSbbg θθθθ . 

Since g(1) > 0, there exists a LDGI if and only if g′(b) < 0.  This is only possible if   

0))1(( 4444
2 <+++ AASSθ . 

QED 

Corollary 4: Assume β = 1.  A further necessary condition for an LDGI with respect to b 

is  

.
4
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2
44

A
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Hence a necessary condition for an LDGI to exist is if A44  > 1. 

Proof: 

From the previous corollary a necessary and sufficient condition for an LDGI is  

0))1(()( 4444
2 <+++= AASSSf θ . 

This reaches a minimum at  

 . ( ) 021)(' *
44

* =++= SASf θ
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Solving for S and substituting this value into f(S) yields the following necessary 

condition for an LDGI 

 0
4

)1()( 44

2
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QED 

 This condition is in contrast to the conditions for a LDGI when policy includes 

the current inflation rate. With the current rule, β = 1, and 0)( 3444 <+≡ AAS , there 

exists a LDGI with respect to b for all values of θ > 1.  In the case of the backward rule, 

enough weight on past values of inflation rule out the existence of a LDGI. Thus 

backward-looking rules make these cycles less likely. 
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V. Forward-looking Interest-Rate Rules 

  We now consider the forward-looking rule and demonstrate that a LDGI exists 

under even weaker conditions, and that these conditions are essentially the same 

conditions that arise in the continuous time analysis of Benhabib et al.  Log linearizing 

the equilibrium conditions for the forward-looking rule yields 
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where A34  and A44 are as defined earlier.  The characteristic equation is given by the 

following cubic: 
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As before, we will utilize assumptions A1: A44 > 0 and H(-1) < 0.  Once again H(-1) =  

J(-1).  The variables are all seemingly jump variables.  But since t
p

tt λππ ,, 1−

tb
π

−1 p

t 1−πp
t

p
t

b
b
ππ 


+






= −−

1
21 ,  is predetermined except for its dependence on tπ  so that 

we need only one explosive eigenvalue to determine both tπ  and .  Hence, 

determinacy of the system requires that two roots of H lie outside the unit circle. As 

before H(-1) < 0,  so that H(1) < 0 is necessary for determinacy. Since 

p
t 1−π

34

44

)1(
)1)(1()1(

Abb
bAH

θβ
θ

−−
−−

=  

 12



and b > 1 we conclude that θ > 1 (or τ + 1/b > 1) is necessary for local determinacy. This 

assumes that 34)1( Abb θβ −− > 0. Proposition 3 shows that this is a necessary condition 

for an LDGI. 

 

Proposition 3: If θ > 1 then there exists a LDGI with respect to b if and only if there 

exists an a in (-1,1) and a b > 1, such that the following conditions are satisfied: 

( ) 0)12()1()1(2))(21)(1(),( 443444 =−−+−+−−−+−−≡ babAbabAAabbaf ββθθ  

( ) 0)1(2)1()1(),( 4434 =−++−−+≡ aAbAbag βθ  

( ) ( 3434 1 AAb )θθβ −>−  

 

Proof: 

The proof mirrors that of Proposition 2.  

QED 
 
 Note that since b > 1, 34Aθβ > is necessary for an LDGI. 

Corollary 5: Assume A1, and θ > 1.  A necessary and sufficient condition for a LDGI 

with respect to b is 0)1( 34 <+− Aθβ . 

Proof:   

Note that g(a,b) = 0 implies that ( ) 0)1(34 <−+ βθA (which implies that 34Aθβ > ) is 

necessary for a LDGI.  As for sufficiency, solving g(a,b) for a and substituting this into 

f(a,b) yields the following necessary and sufficient conditions for a LDGI with respect to 

b: 
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then  so that a LDGI exists. ∞→−∞→ basbh )(

QED 

 This condition is in contrast to the conditions for a LDGI when policy includes 

the current inflation rate. With the current rule, β = 1 and θ > 1implied that a LDGI was 

possible if and only if 0)( 3444 <+≡ AAS .  With the forward looking rule, β = 1 and θ > 

1, there exists an LDGI if and only if A34 < 0, a noticeably weaker condition.   Thus 

forward elements makes an LDGI more likely.  

 

VI. The Continuous Time Model 

 Our focus has been on the discrete time model, but for completeness we note how 

this MIUF model matches up with the MIPF model in Benbabib et al.  In the case of 

continuous time, the log-linearized system is given by 
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Note that this system matches up identically with Benhabib et al, equations (29)-(30). 

Our θA34 (A44 ) corresponds to their A23  (A21 ).  Following their results we have that a 

necessary condition for determinacy is θ > 1. 

  As for bifurcations, in the continuous time model there exists a LDGI as we vary 

b if and only if r+θA34 < 0. Note that this is identical to the outcome in the discrete-time 

forward rule, but is in contrast to the discrete time current or backward rule model. In the 

case of a current rule, there exists a LDGI if and only if 0))(1( 4434 <++− AAθβ .  This 

latter condition is stronger by the term A44 > 0.  As prices approach perfect flexibility 

(K→∞), an LDGI arises in the continuous model whenever Ucm < 0.  But for the discrete-

time-current rule, this condition is  

 0)(1 <





 −+ mmmc UU

D
γ , 

a noticeably stronger condition.   

 We summarize these results in two observations.  First, the condition for a LDGI to 

exist in continuous time is basically identical to the condition in the discrete-time 

forward-looking rule.  Second, in the discrete time model, an LDGI is most likely to 

occur for a forward-looking rule, least likely for the pure backward-looking rule, with the 

current rule somewhere in between.  
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VII. Conclusions 

  Benhabib et al. suggest that another way to rule out LDGI is to adopt superinertial 

rules. Taking our current looking rule above and letting b < 1 we can solve forward to 

generate the equivalent reaction function. 
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~)1(~~
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it
if

tt bbR πθπθ

As the authors show a superinertial rule is equivalent to an infinitely looking forward 

rule. One would think that such a policy would generate indeterminacy but a weighted 

average of today’s inflation plus all future inflation is actually predetermined since Rt-1 is 

given.  An important result of Benhabib et al is that such a rule is not be subject to 

bifurcations over b < 1. 

 Yet as noted earlier, there still may be bifurcations as we vary other structural 

parameters such as β and γ.  Furthermore, if bifurcations arise for b > 1, then as we vary b 

below unity these cycles may come with us. More detailed simulations are necessary to 

determine whether or not superinertial rules cannot have cycles.  Another concern with 

these superinertial rules is whether they are learnable in the sense of E-stability (see, for 

example, Evans and Honkapohja (2001)).  A related concern is whether cyclic equilibria 

are learnable. 

  This comment demonstrates that in a discrete time model LDGI are much less 

likely than in a continuous time model. A continuous time model where the central bank 

reacts to a weighted average of all past inflation rates closely resembles  

a discrete time model where the central bank reacts to a weighted average of tomorrow’s, 

today’s, and all past inflation rates. It thus appears that Benhabib et al.’s policy 
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conclusion that backward rules are subject to cycles is premature. It appears that rules 

with a forward-looking element are most susceptible to LDGI, while pure backward-

looking rules are least susceptible to this problem.  

 17



 18

 

References 

 Benhabib, J., S. Schmitt-Grohe, M. Uribe, “Monetary Policy and Multiple 
Equilibria,” American Economic Review 91, March 2001a, 167-185. 
 

Evans, George and Seppo Honkapohja, 2001, Learning and Expectations in 
Macroeconomics, New Jersey: Princeton University. 

 
Feenstra, R.C., “Functional Equivalence between Liquidity Costs and the Utility 

of Money,” Journal of Monetary Economics 17(2), March 1986, 271-291. 
 

 Yun, Tack, “Nominal Price Rigidity, Money Supply Endogeneity, and Business 
Cycles,” Journal of Monetary Economics 37(2), April 1996, 345-370. 
 
 
  



Federal Reserve Bank

of Cleveland

Research Department

P.O. Box 6387

Cleveland, OH 44101

Address Correction Requested:

Please send corrected mailing label to the

Federal Reserve Bank of Cleveland

Research Department

P.O. Box 6387

Cleveland, OH 44101

PRST STD

U.S. Postage Paid

Cleveland, OH

Permit No. 385


	.
	Thus a further necessary condition is �.
	J(-1).  Since H(-1) < 0, H(1) > 0 is necessary for determinacy (as this implies an odd number of roots in the unit circle). Therefore a necessary condition for determinacy is H(1) > 0. Since
	
	References







